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Optical Structure for a Three-dimensional Liquid-crystal Cell Using a
Wide-band and Wide-view Half-wave Retarder
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In order to improve the image crosstalk for a film patterned retarder (FPR) of a linear polarizer
type in a stereoscopic three dimensional (3D) display, we propose an optical structure with wideband
and wide viewing angle characteristics and using only two half-wave retarders. This proposed half-
wave retarder of the FPR 3D cell consists of a λ/2 biaxial film and a patterned λ/2 A-film. We
calculated the phase retardation and confirmed the polarization states of the light passing through
each film on the Poincaré over all visible wavelengths by using the Stokes vector and the Muller
matrix method. Then, we optimized the optical parameters of the two retardation films in the
oblique direction by using the parameter space method as a function of the optical axis and the
NZ parameter of the biaxial λ/2 film. Consequently, we verified that the left 3D crosstalk of the
proposed FPR 3D cell could be improved by about 91.87% in the horizontal viewing direction and
97.22% in the vertical viewing direction. The right 3D crosstalk could almost maintain the crosstalk
value of the conventional structure.
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I. INTRODUCTION

Flat panel displays (FPD) have been developed to
achieve excellent performances such as low power con-
sumption, high contrast ratio, high definition, and light
weight. As a result, the improved FPD technologies have
led to a widely-expanding demand for display applica-
tions such as TVs, monitors, mobile phones, tablet PCs
and so on, but most high vision displays are still limited
to the realization of two dimensional (2D) images. There-
fore, three-dimensional (3D) displays that can satisfy
the requirements of consumers for more realistic images
with depth information and vivid pictures have attracted
great interest as the next-generation displays [1,2]. In
particular, stereoscopic displays with 3D glasses have
been proposed as a better selection for home applications
and 3D cinemas due to their good display performances
and unlimited viewing range. The operating principle of
a glass-type 3D display is that a liquid crystal display
(LCD) panel sends two difference images to the left and
the right eyes of a viewer wearing special 3D glasses in or-
der to produce binocular disparity. There are two major
types of the stereoscopic 3D displays. One is a shutter-
glass type 3D display, and the other is a film-patterned
retarder (FPR)-type 3D display. In the former 3D dis-
play, the shutter glasses produce two images correspond-
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ing to the left and the right eyes through switching the
polarization states synchronized with the 3D displayed
images [3–5]. Here, the LCD panel is almost similar to
the conventional LCD for 2D images except for the time-
division operation to generate the binocular images. In
the FPR-type 3D displays, two images with different po-
larization states corresponding to the left and the right
eyes are generated by using the patterned retarder, which
is generally attached on the outside of the LCD panel to
change the polarization state [6–8]. Currently, this type
is greatly preferred by the world 3D market because it is
low cost, uses lightweight glasses, has a simple fabrica-
tion process, is flicker free, and has wide-viewing angles.
However, the FPR 3D display has serious drawbacks such
as image quality deterioration and crosstalk at off-normal
axis, which is due to an overlap of the left and the right
images because the retardation films used in FPR 3D dis-
play not only have optical properties that change with
the oblique viewing angle, such as a change in the optical
axis and a phase retardation, but also can experience a
color shift due to wavelength dispersion [9–12].

In general, the 3D LC cell can apply a quarter-wave
retarder [13] or a half-wave retarder to separate the left
and the right image. In this work, we propose an optical
structure using a wide-band and wide-view half-wave re-
tarder for the FPR-type 3D display. The wideband half-
wave retarder is composed of a λ/2 biaxial film and a
patterned λ/2 A-film. Based on the Stokes parameter
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Fig. 1. (Color online) Conventional structure of the FPR
3D display with polarized glasses.

and the Muller matrix method, we calculate the phase
retardation of each film over the entire visible wavelength
spectrum and analyze the polarization states of the light
passing through the optical structure on the Poincaré
sphere. By using the parameter space method, we opti-
mize the optical parameters as functions of the optical
axis and the NZ parameter of the biaxial film in the hor-
izontal and the vertical viewing directions (polar angle
θ = 70◦, which induces maximum light leakage gener-
ally [10]) for applications to TV and notebook designs.
In order to confirm the enhanced optical characteristics
for the proposed FPR structure, finally, we calculate the
light leakage and compare the results to the 3D crosstalk
for a conventional structure using the TECHWIZ LCD
made by SANAYI system.

II. DRAWBACKS FOR THE
CONVENTIONAL STRUCTURE OF A

FPR 3D DISPLAY WITH A HALF-WAVE
RETARDER

Figure 1 shows a conventional optical structure for a
FPR stereoscopic 3D display of a linear-polarizer type
based on a FPR 3D panel with polarizing glasses. In
this structure, the incident polarized light passes through
the left side of the FPR cell without any change because
the left patterned retarder has zero retardation. On the
other hand, on the right side of the FPR, the light is
changed to horizontally linear-polarized light by applying
a λ/2 A-plate with an optical axis in the +45◦ direction.
Therefore, viewers wearing the polarized glasses can feel
a binocular disparity between the two images with dif-
ferent polarization states from the FPR panel. However,
the 3D image quality of the FPR 3D cell is deteriorated
at an oblique viewing angle due to several problems of
the optical retardation film. One is a shift in the optical
axis in each optical film due to the changing polar angle
θ and azimuth angle ϕ in the observation direction. The
deviation angle δ, what is the effective angle from the
optical axis of the A-film to the normal direction, can be

expressed as [14]

δ = ψ − arcsin

×

⎧⎪⎨
⎪⎩

sin φc cos φc cos θo − cos θc sin θo[
1 − (sinφc cos φc cos θo + cos θc cos θo)

2
]1/2

⎫⎪⎬
⎪⎭ ,

(1)

where φc and θc are the azimuth and the polar angles,
respectively, of the optical axis of the A-film and θo is the
polar angle of the incident light for the anisotropic layer.
The second reason is the change in the retardation value
of the optical film in the oblique incidence. The change in
retardation value in each optical film as a functions of the
polar and the azimuth angles of the incident light can be
easily calculated by using the extended 2 × 2 Jones ma-
trix method [15–17]. The last factor is the dispersion of
the refractive index of the optical films with wavelength
[18]. The polarization states of the three primary colors
(red, green, and blue) commonly differ from one another
after the light passes through the retardation films due
to dissimilar material and wavelength dispersion charac-
teristics.

Figure 2(a) shows the changed polarization states of
light for the right image in each viewing direction on
the Poincaré sphere after passing through the FPR 3D
cell. The symbols ♦, �, and © in Fig. 2(a) express
the polarization states of the light for blue (B = 450
nm), green (G = 550 nm), and red wavelengths (R =
630 nm), respectively. As shown in Fig. 2(a), the inci-
dent light from the start position, −S1, rotates on the
optical axis of position S2 as much as the retardation
value of the right patterned λ/2 A-film in the normal di-
rection (black line). Thus, the green wavelength exactly
reaches polarization position S1, which is equal to a hor-
izontally linear-polarization state; however, the blue and
the red wavelengths obtain elliptical polarization states
instead of linear polarization states due to phase disper-
sion. Light incident in the horizontal and the vertical
directions (blue and red line, in Fig. 2(a)) will have a de-
viated optical axis δ compared to a normal viewing angle,
so the optical direction of the right patterned film will de-
viate at positions A and B by (2δ from the position S2,
which is the optical axis of right patterned film in the
normal direction. Therefore, the light passing through
the FPR 3D cell for the right image reaches polarization
positions Ci(i = r, g, and b) and D(i = r, g, and b) along the
blue and the red lines in the horizontal and the vertical
directions, respectively.

Figure 2(b) show the calculated light leakage of the
conventional FPR 3D structure for the right image for
all visible wavelengths for various viewing angles. We
confirmed serious light leakage for the conventional FPR
3D cell not only in the horizontal and the vertical direc-
tions but also in the blue and the red wavelength ranges
caused by phase dispersion in normal direction. Conse-
quently, the conventional FPR 3D cell can produce many
ghost images due to deficient separation of the images in
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Fig. 2. (Color online) In the normal and the oblique di-
rections (θ = 70◦, φ = 0◦ and 90◦), (a) the polarization path
of the conventional structure on the Poincaré sphere for the
right image and (b) the calculated light leakage of the con-
ventional structure for the right image.

the normal and the oblique directions. Thus, if excel-
lent 3D images are to be obtained in the oblique and the
normal directions, these problems of degraded 3D image
quality in the FPR 3D display must be overcome.

III. PROPOSED FPR 3D DISPLAY WITH A
WIDEBAND AND WIDE VIEWING

HALF-WAVE RETARDER

The left and the right images can be completely sep-
arated to vertically and horizontally linear polarization
states over all visible wavelengths in both the normal

Fig. 3. (Color online) Proposed structure of the FPR 3D
display with polarized glasses.

and the oblique directions by designing a FPR opti-
cal structure that has a wideband property in the nor-
mal direction and wide-viewing-angle property in the
oblique direction (polar angle θ = 70◦, azimuth an-
gle φ = 0◦ and 90◦, which is the target viewing an-
gle for a medium-to large sized LCD panel). At first,
the wideband property can be achieved by applying
a wideband half-wave retarder that consists of a two
positive λ/2 A-films. For the design of the wideband
half-wave FPR cell, the optical axes of two λ/2 A-
film must satisfy the wideband half-wave conditions
φλ/2 1st layer film = φλ/2 2nd layer film ± 90◦ in the left im-
age and φλ/2 1st layer film = φλ/2 2nd layer film ± 45◦ in
the right image [19–21]. However, the use of only a wide-
band FPR 3D cell cannot produce outstanding 3D image
quality because the optical parameters of each birefrin-
gence layer change, as described above, in the oblique
direction. To resolve the problems, therefore, we added
a wide-viewing-angle property to FPR 3D cell by using
a λ/2 biaxial film instead of a conventional positive λ/2
A-film. In particular, a biaxial film can produce a excel-
lent optical property in the oblique direction because it
has the parameter NZ [= (nx−nz)/(nx−ny)], which can
control the deviation angle δ by changing the NZ factor
[22,23].

Figure 3 shows the proposed optical structure for a
FPR 3D cell with polarized glasses that can achieve wide-
band and wide-viewing-angle properties. This FPR 3D
structure consists of a λ/2 biaxial film for the common
part at the first layer and a positive λ/2 A-film for the
patterned part at the second layer, as mentioned above.
To design the FPR 3D structure, at first, we performed
all the calculation, for the phase retardation of each film
in the oblique direction by using the extended 2 × 2
Jones matrix method:
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Fig. 4. (Color online) Parameter space map for the final polarization position of the FPR 3D cell as function of the optical
axis and the NZ factor of the biaxial film for the optimization.
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where d represents the thickness of the film, and ne and
no represent the extraordinary and the ordinary refrac-
tive indices of the LC material, respectively. Also, we can
calculate the changed polarization states after the inci-
dent light passes through each optical film in the normal

and the oblique direction based on the Mueller matrix
and the Stokes vector [24, 25]. The four Stokes parame-
ters can usually be written as S = (S0, S1, S2, S3)T , and
the Mueller matrix of a rotated retarder can be described
as follows [26]:

Sfinal = R(−2θ) · M(ΓA+) · R(2θ) · S(Bi+)

=

⎛
⎜⎜⎝

1 0 0 0
0 cos2 2θ + cos ΓA+ sin2 2θ (1 − cos ΓA+) sin 2θ cos 2θ sin ΓA+ sin 2θ
0 (1 − cos ΓA+) sin 2θ cos 2θ sin2 2θ + cos ΓA+ cos2 2θ − sin ΓA+ cos 2θ
0 sin ΓA+ sin 2θ sin ΓA+ cos 2θ cos ΓA+

⎞
⎟⎟⎠

⎛
⎜⎝

S0Bi

S1Bi

S2Bi

S3Bi

⎞
⎟⎠ =

⎛
⎜⎝

S0 final

S1 final

S2 final

S3 final

⎞
⎟⎠ , (3)

where Sfinal represents the Stokes vector of the output
light, S(Bi+) is the Stokes vector of the incident light
after passing through the λ/2 biaxial film, ΓA+ is a re-
tardation of the patterned positive A-film, R(2θ) and
R(−2θ) are the rotating matrix and reverse-rotating ma-
trix to the principal axis, respectively, and M(ΓA+) de-
picts the Muller matrix for rotated polarizing compo-
nents with phase retardation ΓA+. When the light passes
through the right and the left patterned λ/2 A-film layers

in the oblique direction, the ideal final polarization states
of the light have to become horizontally and vertically
linear polarization, which is equal to Sfinal (1, ±1, 0, 0)
at the Stokes vector. As mentioned above, however, the
final polarization position of the light passing through
the FPR 3D structure is rotated to an elliptical polar-
ization position due to several optical problems of the
anisotropic medium layer such as a change of the optical
axis and a retardation in the oblique direction. Thus,
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Fig. 5. (Color online) Polarization states of the proposed configuration on the Poincaré sphere: the polarization path for
right image (a) in horizontal direction and (b) in vertical direction, and that for the left image (c) in horizontal direction and
(d) in vertical direction.

we used the parameter square method to find the opti-
mized value of the parameter that not only could satisfy
the wideband half-wave relationship and but also could
produce completely linear polarization states of the left
and the right images at horizontal and vertical viewing
angles simultaneously. Figure 4 shows a two-dimensional
parameter space map for the optimization of the FPR 3D
structure. If the optimization condition for the optical
parameters of a λ/2 biaxial film is to be found, the final
polarized light should simultaneously have values of the
positions ±S1 between ±0.994 and ±1 in the horizontal
and the vertical directions. For, the optimized condition,
the optical axis was 112◦, and the NZ factor had a value
of −0.1 for the λ/2 biaxial film, as shown Fig. 4. In addi-
tion, the optical axes of the right and the left patterned
λ/2 A-films were 67◦ and 22◦, respectively, based on the
wideband half-wave relationship.

Figure 5 shows how this proposed structure produces
the linear polarization states on the Poincaré sphere af-
ter the light passes through the two designed λ/2 films in
the horizontal and the vertical direction. In Fig. 5(a), the

starting position is position −S1 when the light passes
through the vertical polarizer in the horizontal direction.
Then, the polarization state of the light passing through
the λ/2 biaxial film, which has the optical axis at the po-
sition AH (112◦ + 2δ(φ=0◦)), moves to position KH along
the path L1. The polarization of light passing through
the right patterned λ/2 A-film, which has the optical
axis at the position BH (67◦ + 2δ(φ=0◦)), moves to final
polarization position S1 along the path L2. The effective
retardation of films is changed to 2.6444 rad for the bi-
axial λ/2 film and 3.7859 rad for the right patterned λ/2
A-film in the horizontal direction while the retardation
values of two films are 3.1416 rad in the normal direction.
However the two films compensate for each other because
of their optimized designs. Then, the proposed structure
leads to a perfect horizontally linear polarization for the
right image in the horizontal direction.

Figure 5(b) expresses the polarization path of the pro-
posed configuration for the right image in the vertical
direction. Although the optical axes of the biaxial λ/2
film and the right patterned λ/2 A-film change to the po-
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Table 1. Calculated optimized dispersion properties of the
optical anisotropy of optical uniaxial films.

∆n/∆n (550 nm) ∆nd [nm]

450 nm 630 nm 550 nm

Left FPR λ/2 A-film 0.829 1.13 275

Right FPR λ/2 A-film 0.816 1.15 275

Table 2. Calculated optimized dispersion properties of op-
tical anisotropy of the optical biaxial films.

∆n/∆n (550 nm) ∆nd [nm]

(∆n = nx − ny, nz − ny) (∆n = nx − ny)

450 nm 630 nm 550 nm

biaxial λ/2 film 1.0005 1 276

sitions AV (112◦ + 2δ(φ=90◦)) and BV (67◦ + 2δ(φ=90◦))
and the retardation is 3.8168 rad and 2.6898 rad, the po-
larization path is in accord with the horizontal viewing
angle on Poincaré sphere. As a result, we obtained the
optimized values for the final polarization position S1:
0.9971 (B), 0.996 (G), and 0.9945 (R) in the horizontal
direction and 0.9954 (B), 0.9966 (G), and 0.9974 (R) in
the vertical direction. On the other hand, Figs. 5(c) and
(d) show the polarization paths of the proposed configu-
ration for the left image in the horizontal and the vertical
directions, respectively. In the case of the left image, the
polarization state should stay at the start position −S1

after the light passes through the final retardation film
layer in order to separate to vertically linear polariza-
tion. Therefore, the optical axis of the left patterned
λ/2 A-film should be about 90◦ from the optical axis of
the λ/2 biaxial film in order to return to the starting po-
sition −S1. As shown Figs. 5(c) and (d), we can confirm
arrival at the final position −S1 after the light passes
through the left patterned λ/2 A-film has rotated on the
optical axis of position CH (22◦ + 2δ(φ=0◦)) and CV (22◦
+ 2δ(φ=90◦)) along the path L3 from position KH and
KV in the horizontal and the vertical directions. As a
result, we obtained the optimized values of the final po-
larization position −S1: −0.9994 (B), −0.9996 (G), and
−0.9997 (R) in the horizontal direction and −1 (B), −1
(G), and −0.9999 (R) in the vertical direction. Tables 1
and 2 show the calculated optimized retardation values
for R, G, and B wavelengths of each optical film used.

IV. CALCULATED RESULTS AND
DISCUSSION

FPR stereoscopic 3D displays simultaneously provide
left and right images to the eyes of a viewer wearing
eyeglasses with orthogonal linear polarizations, and 3D
images are constructed. However, this FPR 3D cell can
produces crosstalk that induces ghost images caused by

Fig. 6. Calculated light leakages of the proposed structure
in the normal and the oblique directions (θ = 70◦, φ = 0◦

and 90◦) for the entire visible wavelength spectrum.

light leakage when the final polarized light of the left
and the right image is transmitted to opposite polarized
glasses in the oblique direction. Therefore, we calculate
the light leakage and the crosstalk in order to verify the
optical performance of the proposed FPR 3D structure.

Figure 6 shows the calculated light leakage of the pro-
posed FPR 3D structure for the entire visible wavelength
range at normal, horizontal, and vertical viewing angles.
The conventional FPR 3D structure experience serious
light leakage as shown Fig. 2(b). However, the proposed
structure maintains an excellent dark state for the en-
tire visible wavelength spectrum not only in the normal
direction but also in the horizontal and the vertical di-
rections.

Figures 7 and 8 show the calculated crosstalks of the
proposed configuration, compared to those of the con-
ventional structure, in the horizontal and the vertical di-
rections, respectively. The crosstalk value can be defined
as [27]

3DCrosstalkLeft(Right) =
R(L) dark
L(R) bright

× 100 [%]. (4)

Here, L(R) bright is the luminance of the left and the
right eyes at the bright states, and R(L) dark is the lumi-
nance of the left and the right eyes at the dark states. We
confirmed that the proposed optical structure improved
the left 3D crosstalk by about 91.87% in the horizontal
direction and by about 97.22% in the vertical direction
as shown in Fig. 7(a) and Fig. 8(a), respectively. On the
other hand, the right 3D crosstalk optimized for not only
the proposed FPR 3D cell but also the conventional FPR
3D cell because the conventional structure could produce
ideal vertically-linear polarization; the designed lack of
retardation produced no change in the polarization prop-
erty of the left FPR. Thus, as shown in Figs. 7(b) and
8(b), the proposed FPR 3D structure has the same 3D
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Fig. 7. Comparison of the calculated 3D crosstalk of the
conventional and the proposed FPR 3D structures in the hor-
izontal direction: (a) for the left 3D crosstalk and (b) for the
right 3D crosstalk.

crosstalk in the horizontal and the vertical directions as
the conventional structure.

V. CONCLUSION

In summary, we have designed an optical structure for
a FPR 3D display that can be used to satisfy the optical
properties of wideband image quality and wide-viewing
angle in the oblique direction. We calculated the retarda-
tion of each film and analyzed the polarization states of
the light passing through the FPR 3D cell in the oblique
direction by using the Mueller matrix method. Then, we
optimized an optical parameter for a biaxial λ/2 film
and patterned λ/2 A-film based on the parameter space
method as a function of the optical axis and the NZ fac-
tor of a biaxial film and on the wideband half-wave re-
lationship. We demonstrated good optical performances
of the proposed FPR 3D structure by effectively improv-

Fig. 8. Comparison of the calculated 3D crosstalk of the
conventional and the proposed FPR 3D structures in the ver-
tical direction: (a) for the left 3D crosstalk and (b) for the
right 3D crosstalk.

ing the 3D crosstalk in the oblique direction. We are
confident that the proposed FPR 3D display will be an
outstanding technology that will allow high-quality 3D
images and wide viewing angles to be achieved.
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