Wave propagation in a uniaxial media

Gi1-Dong Lee
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Polarization of light waves
Electromagnetic wave propagation

y Al NMadia
111 ullldaXxlidl 1vicllda

A -"ﬁ .ﬁ-:}:'f'.
w Display Device Lab '@J Dong-A University



Polarization of light waves

* Oscillation of the electric field strongly
affects the light propagation 1in a media,
especially, anisotropic material.

* Observation of the polarization of the plane
wave
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* Polarization of the plane wave

— Polarization : the direction of the E(r, t)

— E(r, 1) : oscillates with sinusoidal
time-harmonic ftn.

— If light propagates to < direction, the components
of the electric field should be xy plane

E(Z,t) = Re(Kei(wt_kz)) Complex representation

A= Axe*ax + Aye'’ay
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— The curve of which the end point of the electric
field E describes the time-evolution locus and has
2 X-y components

E, = A cos(wt —kz -9,)

Propagation ‘

E, = A cos(ot —kz —6,)

- Revolution direction :
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Spatial domain (t=0)
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2)incase of Ax=Ay=1 0ox=0,0y=m/2(z=0)
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Spatial domain (t=0)
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3)incasec of Ax=Ay=1 0ox=0, oy =-m/2
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Spatial domain (t=0)
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* Typical polarization ellipse

From electric field components E, E,

COS O

E.E, =sin’ 6
AR,

y

=
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« Rotation to the Principal axis

2 2
(Ex'j n [_yj 1 Diagonalization — x’ y’ (principal axis)
a b

a = \/sz cos’ o+ A, sin’ p+2A A, cos 5 cos gsin g

b = \/sz sin’ g+ A,” cos® p—2A A, cos 5 cos gsin ¢

2A A
@ =tan" ( ZAX L —cos8)/2

Ax _Ay

, Yy
"

: If sin o > 0 then colckwise

If sin o < 0 then countercolckwise
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Ex1) Polarization ellipses : E, = cos(wt — kz)
E, = cos(wt — kz + 0)
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1
= — t — kz
5 cos(w )

, = cos(wt —kz + 0)

w Display Device Lab '@, Dong-A University



Electromagnetic wave propagation
in Anisotropic Media

* Anisotropic materials : calcite, quartz, LC, etc

* They show very particular phenomenon such
as double refraction, optical rotation,
polarization effect, etc

* Analytic description will de shown at here
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 Dielectric tensor

Flux density D

Do E4P

Induced polarization P
Isotropic material : P// E
Anisotropic material : Pnot // E

—_—

P= gozg

( px\
. Tensor form
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* Dielectric response

(DX\ /811 812 813\(EX\

D, £, &y, &y| E,| Dy =¢E;(tensor form)

D, ) &1 & e \E;)
Diagonalization : vanishing off-axis components
(D, (g, 0 O0YE,

D,. 0 &, O0]E, Energy density of the stored
\DZ,/ . 0 0 833/\Ez'/ electric firld

X', y', ': principal axis
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* Plane-wave propagation in anisotropic media

E = E(r,H)e! @™ " H = H(r,t)el*n
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 Wave equation

. In the principal coordinate
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* This wave equation can be written

2xExE+m2ugE:0

(@ g, - kK, k

X

, o s, —k. -k, K,

kK, W’ g, —
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In terms of k,

K, (ek, +e k" +ek -t uge, k. +k,")

~a e, (K, +K ) - uge, (K +K)+H@ w8, =0

Therefore,
Ak*+Bk’+C=0 — k, :+k , +k,

— four points solutions

w Display Device Lab '@, Dong-A University




—k, -k plane

ous -k KKk, 0

det Kk, W’ g, — k’ 0

0 0 g, —K,° — ky2

(@ p1g,—k . =k (@ g, —k )@ pg, =K, )—k,k,)]=0

Solutions ) 2

@ n i
Latug, =k, —k,* —k +k* =——:circle
(U

? k

2 . 2 2 kX y . . -
2.0 uge, =gk +e kK, ———+—— :elliptic curve
wn”  wn,

2
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—k, -k, plane

2
o’n

I k" +k,” =—:circle
C
2 k2
2 _ 2 2 y Z . ‘At
2.0 g, =k +ek” —>——+—==elliptic curve
wn~  on,

C’ C?2

—k_ -k_plane

) 2
L2 , @i

1. k,"+k,~ =—=:circle

K> kS
2. uge, =gk, +ek - ——1+—*— elliptic curve
o’n’  on,
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It n.>n,>n,
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If ksurface

Optical axis

3 . fﬂ'u u‘} I
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— Electric field direction

K, (@' g, —K*) k(K -’ us,) 0

det kK, o g, —k. -k, kK,

K, (K* =’ g, 0 K (@ g, —K*)

k, (& ug, —k*E, +K (k* =’ ug, )E, =0

. ky a)zlug;( _k2 E

k K —a’us, *
k,(K* — @ 1 JE, +K (@ e, =K*)E, =0
kK —a’us, .

Y

E —
© kg -k
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Electric field E components are
(k)

X

K~ s,
k

y
K* -’ e,
K

JA

K - uz,

[ k \

X

K~ s,
K, -.Electric field is related with propagation
k* -’ e, -'Two set of kwvalue : two polarizations

k k,, k,

A

K~ uz,
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-.Electric field E components related to refractive index
K, (@' g, —K*) k(K -’ us,) 0
det kK, o g, k. —k,’ kk, — |=0
K,(k* -’ 15, 0 K, (@’ g, —K*)

From here,

21, 2
Kk, (@ 15, —K* )@ s, k)@ e, =K +
kxkykzz(k2 _a)z,ugy)(kz —a)z,ugx) + kx3ky (k2 —a)zlugy)(kZ _0)2,Ll€z) ~0

k.’ .
y 4+ kz _O

_I_ j—
K-’ us, K -aw'ps, K -o'ue,
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2 24 2 72
n°s n-s n°s
X 4+ y 4 Z =O
n2 —6/ n2_6% n2 —‘c’/
&g &, o

Therefore, electric field E components are

( k A
kK* -’ ug,
K

y
k* -’ e,
K

A

( s,

n2 _gx/go
S

K~ e,
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Two polarization
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refractive index n,, n,
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— Vector field investigation

D=0 - (—jRI)'Bl -0k LD
D=0 — (—jEz)-Bz -0k, LD

From above equstion 51 -Bz =0, and g//El //Ez

51 J.Bz J_§=0

A
D,
1

/D,
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e Orthogonality properties

D1s,DLH,HLs

_— -

Hls.H.L
B1lS

Dls

There is no proof that E//Dand P//s
If B//H,then Hand sis orthogonal
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Vector orthogonality

D1s,DL1H,HLs
HIisHLE
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* The index ellipsoid

Energy density of stored electric field in anisotropic material
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How to determine the n, n, D, D,?

We define the impermeability N; M =& (Er_l)ij

Wave equation regarding s —

D

ExExE+w2y5E:O — gx(éxryﬁ)nLF:
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Assuming s has one direction S =

(7711 Tho  [Th )
Therefore, Thi hy |k

<VQ 0

Thi Th n’ | D,

(7711 nlz]f)’:i(_ ) - (1 _%)B:()

1, :transverse impermeability tensor

— the polarization vectors of the normal modes are eigenvectors
of the transverse impermeability tensor with eigenvalues 1/n?

— 2x2 symmetric tensor : orthogonal eigenvector (ny,D; : n,,D,)
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* Phase velocity, group velocity, and energy velocity

. phasevelocity

\7(; Z%ka)(k) . groupvelocity

S : poynting vector

: energyvelocity . energy density
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 (Classification of anisotropic media

1) Biaxial :two optical axis, N, # n,#n,
2) Uniaxial : one optical axis
two principal indices are the same.

n,: ordinary refractive index
n,: extraordinary refractive index
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2 2 2
- kK, +k,
c 5
0

2 2 2 )
kKK, _ K, .

(@'n,’/c?) (@n/c?)  (a'n,
If e =€ <g,(n, <n)

wn,

k,-k, plane k,-k, plane k -k_plane
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The normal Kk surface
on,
C

y

Optic axis

n, < n, : positive uniaxial crystal
n, > n, : negative uniaxial crystal
n, = n,or n,=n,=n, : isotropic material

'@, Dong-A University
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* Light propagation in unaxial media
2 2 Z2

X L .
Index ellipsoid —+ Y 12 1. opticaxisis z axis
n n n

0 o €

Optic axis Polarization of ordinary
displacement vector d,

—  kxa,

d, = oot

0]

fxal

Polarization of extraordinary
displacement vector d,

T = b,
kxd,

e

Positive material
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E-ray and O-ray

As propagation direction S 1s changed

@1s changed —— n, fixed, D, fixed
n, changed, D, changed

- { n,atd=0

n, at@=r/2

In order to achieve n (6), using normal surface
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On the y-z plane :

k. =0, K, :kcosé’zn—w,
C

then, for E-wave

(—) sin” @ (—) cos 6

_|_

n2

e

therefore,

SIn 6’ 00329 |

2 n n’6)

€ 0
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then, for O-wave

(—) Sin 6’+(—) cos 6

2

therefore,

=1 > n’@)=n’
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Retardation btn. homeotropic and homogeneous LC layer

A 4

homogeneous LC layer homeotropic LC layer
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1 smﬁ 00526’ 020 =n.
n, @ n’ n.’

e 0

An ff :ne(g)_no )

Homeoptropic
Homogeneous
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* Double refraction at a boundary

All reflected and refracted rays are same tagential

components of the wave number, even, at a anisotropic
boundary,

So
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Double refraction at a anisotropic media boundary

Intersection of
normal surface
with plane of

incidence Snell’s law 2 K ,K, > K () Kk, (6,)
k;, Kk, are dependent on their refracted angle

So, graphic method
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Graphic method of double refraction on a uniaxial media

- Positive material(n, > n,)

o~

Optic axis Optic axis
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Graphic method of double refraction on a uniaxial media

Negative material(n, <n,)

Optic axis Optic axis

|
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