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Outline:
Polarization of  light waves
Electromagnetic wave propagation 
in uniaxial Mediain uniaxial Media
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P l i ti f li htPolarization of light waves
• Oscillation of the electric field strongly• Oscillation of the electric field strongly 

affects the light propagation in a media, 
especially, anisotropic material.

• Observation of the polarization of the plane 
wave
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• Polarization of the plane wave
− Polarization : the direction of the E(r, t)
− E(r, t) : oscillates with sinusoidal( , )

time-harmonic ftn.
If light propagates to direction the components− If light propagates to z direction, the components 
of the electric field should be xy plane

eAtzE zkti ω= − )Re(),( )( Complex representation

ayeAyaxeAxA yixi δδ += ayeAyaxeAxA +
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– The curve of which the end point of the electric 
fi ld E d ib th ti l ti l d hfield E describes the time-evolution locus and has 
2 x-y components

)( ktAE δ y)cos( xxx kztAE δω −−=
z

y

)cos( yyy kztAE δω −−= x

- Revolution direction :Revolution direction : 
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1) in case of Ax = Ay = 1     δx = 0, δy = 0 ( z=0 )
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Spatial domain (t=0)p ( )
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2) in case of Ax = Ay = 1     δx = 0, δy = π/2 (z = 0)

Ex

T/2 T 3T/2 2T timeT/2 T 3T/2 2T time

Ey

y

t = 0t = 0
t = T/2
t = T : clockwise

x
t = 3T/2
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Spatial domain (t=0)p ( )
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3) in case of Ax = Ay = 1     δx = 0, δy = -π/2
Ex

T/2 T 3T/2 2T timeT/2 T 3T/2 2T time

Ey

y

t = 0t = 0
t = T/2
t = T : counterclockwise

x
t = 3T/2
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Spatial domain (t=0)p ( )
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• Typical polarization ellipse
From electric field components Ex, Ey
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• Rotation to the Principal axis
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Ex1) Polarization ellipses : )cos(ω −= kztEx

)cos( δω +−= kztEy

δ=-3π/4 δ=-π/2 δ=-π/4 δ=0/

δ=π/4 δ=π/2 δ=3π/4 δ= π
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Ex2) Polarization ellipses : )cos(
2
1 ω −= kztEx

)cos(
2

δω +−= kztEy

δ 3 /4 δ /2 δ /4 δ 0δ=-3π/4 δ=-π/2 δ=-π/4 δ=0

δ=π/4 δ=π/2 δ=3π/4 δ= π
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El t ti tiElectromagnetic wave propagation 
in Anisotropic Mediap

• Anisotropic materials : calcite, quartz, LC, etc
• They show very particular phenomenon such 

as double refraction optical rotationas double refraction, optical rotation, 
polarization effect, etc

l i d i i ill d h h• Analytic description will de shown at here
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• Dielectric tensor

Flux density D

PED += 0ε

Induced polarization PInduced polarization P
Isotropic material : P // E
Anisotropic material : P not // Ep //

EP 0= χε
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• Dielectric response
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• Plane-wave propagation in anisotropic media
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• Wave equation
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• This wave equation can be written
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In terms of  kz

0)()()(

)()(
22222222

2222222 +−++ yxyxzzyyxxz
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0)()()( 22222222 =++−+− zyxzxzxzyzy kkkk εεεμωεμεωεμεω

24 0 kkkCBkAk ±±→++

Therefore,

21 ,:0 zzzzz kkkCBkAk ±±→=++

→ four points solutions
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– kx - ky plane
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– ky - kz plane
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If  nx > ny > nz
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If  k surface
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– Electric field direction
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Electric field E components are
⎞⎛ k
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-.Electric field is related with propagation
- Two set of k value : two polarizations
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-.Electric field E components related to refractive index
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– Vector field investigation

11111 0)(0 DkDkjD ⊥→=⋅−→=⋅∇

22222 0)(0 DkDkjD ⊥→=⋅−→=⋅∇

b i ////0 kkdDDFrom above equstion 2121 ////,0 kksandDD =⋅

021 =⊥⊥∴ sDD

D11
s
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• Orthogonality properties

sHHDsDHsnD
t
DH ⊥⊥⊥⇒×−=→
∂
∂

=×∇ ,,
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c
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// //There is no proof  that E//D and P//s
If  B//H, then H and s is orthogonal
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Vector orthogonality
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• The index ellipsoid

D 222

Energy density of  stored electric field in anisotropic material
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Method of index ellipsoid

s

Method of  index ellipsoid

D

D1

D2 How to determine the n1, n2, D1, D2 ?

ijrij )( 1
0

−= εεηWe define the impermeability ηij

Wave equation regarding s
DDssEEkk ημεω =+××→=+×× 0)(0 2
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)( 2
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Assuming s has one direction ⎟
⎟
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⎛
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i bili⎠⎝ ηt :transverse impermeability tensor
→ the polarization vectors of the normal modes are eigenvectors 
of the transverse impermeability tensor with eigenvalues 1/n2

→ 2×2 symmetric tensor : orthogonal eigenvector (n1,D1 : n2,D2)

of the transverse impermeability tensor with eigenvalues 1/n2
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• Phase velocity, group velocity, and energy velocity

velocityphases
k

vp :=
ω

velocitygroupkv kg :)(∇= ω

velocityenergy
U
sve :=

s : poynting vector
U: energy density

In an isotropic material, eg vv =
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• Classification of anisotropic media

1) Biaxial     : two optical axis, zyx nnn ≠≠
2) Uniaxial  : one optical axis

two principal indices are the same. 

yx

0

2

00

2
0 ,,

ε
ε

ε
ε

ε
ε z

e
yx nnLet === no: ordinary refractive index
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The normal k surface
ky

c
neω

c
noω

c
neω

c
noω

kx

c

c
noω

kz

Optic axis

n < n : positive uniaxial crystalno < ne : positive uniaxial crystal
no > ne : negative uniaxial crystal
no = ne or nx=ny = nz : isotropic material
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• Light propagation in unaxial media

Index ellipsoid axiszisaxisoptic
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E-ray and O-ray

As propagation direction s is changed

θ is changed no fixed, Do fixed
ne changed, De changed
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On the y-z plane : 

θωωθ 22222 sin)(,cos,0
c

nkkk
c

nkkk zyzx =−====

then, for E-wave
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then, for O-wave
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Retardation btn. homeotropic and homogeneous LC layerp g y

z z ADes

A θ
s

θ

e

y

De

DB yB
Do

yDoB y

x x

homogeneous LC layer homeotropic LC layer

DDisplay isplay DDevice evice LLabab Dong-A University



θθθ
θ

)(,cossin
)(

1 22
2

2

2

2

2 nn oo =+=

θ

θ

)(

)(
)( 222

ddnnn

nnn oo
oee

=−=Δ∴
θ

θ
cos

,)( dnnn effoeeff =−=Δ∴

1 2

1.0

1.2
f

 Homeoptropic
 Homogeneous

0.6

0.8

Δ
n ef

fd ef
f

0.2

0.4Δ

0 20 40 60 80
0.0

DDisplay isplay DDevice evice LLabab Dong-A University

θ



• Double refraction at a boundary

ki kr

kt

All reflected and refracted rays are same tagential 
components of the wave number, even, at a anisotropic 
boundary, 
So
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Double refraction at a anisotropic media boundary

ki
kisinθi

kisinθi

i i

k1
θ1 k1

k2

θ2

Intersection of 
normal surface 

ith plane of sinsinsin θθθ kkk ==with plane of 
incidence

2211 sinsinsin θθθ kkk ii ==

Snell’s law ? )()(, 221121 θθ kkkk →

k1, k2 are dependent on their refracted angle

So, graphic method

DDisplay isplay DDevice evice LLabab Dong-A University

, g p



Graphic method of double refraction on a uniaxial media
Positive material(ne > no)
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Graphic method of double refraction on a uniaxial mediap
Negative material(ne < no)
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